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1. Introduction 

1.1. The problem of representing a function / on the circle T by a trigonometric 
series 

/(t) = ^ Cfe e* t (1) 

has a long history. Most of the attention has been paid to Fourier expansions, 
where the coefficients are derived from / using an integration process. Certainly 
this approach requires a priori the integrability of / and even under this assumption 
it does not always ensure satisfactory convergence properties. 

On the other hand, D. E. Menshov ,2] discovered that every / e L Q (T), that 
is any measurable function from T to C, with no additional requirements, can be 
represented as a sum of a series (QJ converging almost everywhere (a.e.). The 
coefficients here are obtained by a special construction which has certain freedoms 
(for example, one can avoid using low frequency oscillations). 

This result (usually called "Menshov representation theorem") gave rise to many 
further investigations, aimed to find in which directions it can be extended and 
improved and in which it cannot. Many interesting results on this problem were 
obtained by Menshov himself 0, N. Bary j^] (chap. XV), Talalyan [§], Arutyunyan 
Kashin Konyagin [J3j, Korner ^j] and others. The reader may find a 
comprehensive bibliography (up to '92) in the survey ^3- We add also our recent 
paper |17| . 

1.2. One aspect of the theory is: how rich must the family of exponentials be to 
ensure the possibility of representation. We introduce the following 

Definition 1. A set A of integers, A = {A(n) ; . . . < A(-l) < A(0) < A(l) < . . .} 
is a Menshov spectrum if every / G L°(T) admits a representation 

f(t) = V c k e M ee lim V c k e M (2) 

z — J N—>oc £ — * 

fceA k£A,\k\<N 

converging a.e. 

It is well known that a Menshov spectrum might be quite sparse. For example, it 
may have density zero. Arutyunyan proved that any A symmetric with respect 
to zero and containing arbitrarily long segments of integers is a Menshov spectrum. 

The first result in our paper shows that a Menshov spectra might even be lacu- 
nary, that is satisfy the condition 

X(n + 1) — A(n) — > oo (\n\ — > oo) 

and the sizes of the gaps may grow quite fast. 
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Theorem 1. Given a positive sequence e(n) = o(l) as n — > oo, one can define a 
symmetric Menshov spectrum A such that 

A(n+1) 



A(n) 



>l + e(n) n=l,2,... (3) 



This result is sharp: the e(n) on the right hand side cannot be replaced by a 
positive constant, which would mean that A is lacunary in the sense of Hadamard. 
Indeed, it is well known that if for such a A the series (2J converges then / must 
satisfy some special properties, see for example |(p< (chap. XI) or [4 (chap. V). 

1.3. These restrictions on the sizes of the gaps are far from giving a complete 
picture. The arithmetics of the set play a crucial role as well. It is obvious, for 
example, that A = 2Z is not a Menshov spectrum since the sum (J5J) has in this case 
a period < 2ir. Somewhat more delicate arguments show that the set A = {±fc 2 } 
is not a Menshov spectrum, even after any bounded perturbation. On the other 
hand, we prove the following: 

Theorem 2. For any sequence w(k) — * oo as k — * oo one can construct a symmet- 
ric Menshov spectrum A. 

A= {±k 2 + o(w(\k\))} . (4) 
We do not know whether such a result for cubes is true. 

1.4. Consider now the case when only positive frequencies are involved. For obvi- 
ous reasons this situation can be referred to as "analytic": having a decomposition 
@ with A = Z + one can consider an analytic function in the unit disc 

fc>o 

At any point t £ T where the sum <(2j converges, according to the classical Abel 
theorem, F(z) — ► f(t) when z approaches the point e lt non-tangentially. The 
Lusin-Privalov uniqueness theorem, see for example JOj, says that "non-tangential 
boundary values" of an analytic function can not be an arbitrary function, specif- 
ically, if it vanishes on a set of positive measure then it is identically zero. It is 
interesting that for radial limits a.e. there are no such limitations: Kahane and 
Katznelson jHj proved that any measurable function / might be represented in such 
a form. 

So the argument above leads us to the conclusion that Z + is not a Menshov 
spectrum. 

It turns out, however, that if we relax a bit the notion of convergence, by re- 
placing pointwise convergence with convergence in LP metric, we might again get 
an unrestricted representation theorem 

Theorem 3. Every f € L°(T) can be represented as a sum 

/(t) = 5>e* fet (5) 

fc>0 

converging in measure. 

It should be mentioned that Menshov [H] showed that using convergence in mea- 
sure one may get a representation even for functions / : T — ► R U {±00} . 
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Theorem is also valid for such functions, so it gives a direct improvement of 
Menshov's theorem by replacing the whole spectrum Z by Z + . 

Finally, we prove that relatively "small" parts of Z + are already sufficient for 
representation in measure. In particular we construct "almost Hadamarian" and 
"almost squares" Menshov spectra in measure. 

Theorems and El are proved below in sectional Theorem (in a stronger form) 
is proved in sectional and the last mentioned results in section 

The main results of this paper were stated without proofs in our note |18j . 



2. Preliminaries 

2.1. Notations. We denote by T the circle group, T = IR/27rZ, and we identify it 
in the standard way with the segment [— tt, it], 

m is the normalized Lebesgue measure on T. 

Z+ or N is the set {1,2,...}. 

C is used to denote absolute positive constants, possibly different. 
For a set A C T we define by 1a the function 



14*) = 



1 t € A 
t 4 A 



The Lq "norm" of any measurable function / from T to C is defined to be 

||/|| :=inf{e : m{t : |/(t)| > e} < e} . (6) 

This norm is sub-additive but not homogeneous. L (T) is the space of all measur- 
able functions on the segment T endowed with the norm || • || and is a topological 
linear space. Convergence in || • || is equivalent to convergence in measure. 
For / G L 1 (T) we denote by f(n) the Fourier coefficients of / and write 

The spectrum of / (denoted by spec/) is the support of /, i.e. the set of integers 
where / is non zero. 

The triangle function of width 2e, denoted by r e is defined on [— n, n] by 

1-M \X\<6 



(7) 

otherwise 

It is well known (and easy to calculate) that T e (n) > for any n £ Z and 
therefore 

r e |ii = i (8) 

(as usual, || • \\ p , 1 < p < oo, for a function or a sequence denotes the L P (T) or l p 
norms respectively) . A trigonometric polynomial is a finite sum 

the degree of P, denoted by degP is max{|fc| : k e specP}. We say about two 
trigonometric polynomials that the spectrum of P follows the spectrum of Q (or 
simply that P follows Q) if 

I 6 specQ, k G specP |^| < \k\ . 
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For a trigonometric polynomial P = ^ c^e we denote the partial sums by 



S n (P-t) := c ^ 



ikt 

k— — n 

and their maximum by 



S*(P;t) := sup \S n (P;t)\, 

n>0 

Occasionally, we shall also need estimates of non-symmetric partial sums, so define 

n 

S n , m (P;t) := J2 Cke ikx 

k—m 

S** := sup |5 n ,m| ■ 
Finally, we shall often use the following obvious, and somewhat rough estimates: 

WS^p)^, ll^p)^ < 11% 

2.2. Special Products. Given / : T — * C and r € N we denote by /[ r ] the 
"contracted" function 

f [r] (t) = f(rt) teT. 
We shall systematically use through this paper a "special product" of the form 

H = Q [r] -P . (9) 

where P and Q are trigonometric polynomials, r > 2degP and Q(0) = 0. The 
spectrum of H has a block structure, with each block containing a translated copy 
of spec P. So, if n > 0: 

n= sr + l 7 —\r<l< \r 

we have: 

n s — 1 / 

J2H(j)e ijt = P(t)-^2Q(k)e ikrt + Q(s)e isrt - £ P(j)e«* . (10) 

j=0 k=l j=-degP 

If n < an analogous equality holds for Ylj=n • 

The second sum on the right hand side we usually bound by ||Q||oo ■ ||-P||i< 
Sometimes, as in the proof of lemma l2~Tl below, we use the trivial estimate for 

H: 

Hs-M^iiPiu-HQii! (ii) 

2.3. Separation of spectra. Our starting point is a fundamental principle, used 
by Menshov in his "correction" and "representation" theorems. In a few words, it 
goes as follows: given / we decompose it into "elementary pieces" and then by 
correcting in a small measure we can localize the Fourier transform of each piece in 
a "personal" part of the spectrum in such a way that the supports of different pieces 
are essentially disjoint. It allows to avoid "unpleasant" resonance with the Dirichlet 
kernel and control the size of the Fourier partial sums. Menshov did it using a 
delicate and difficult technique based on his so-called "Dirichlet factor lemma" (see 

chap. V). A new version of Menshov's approach (using the special products 
above) was outlined in ^2j, sect. 1, in the framework of the correction theorem. 
A similar technique for representation results was developed by Korner, see [Tfi| . 
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The following lemma may serve as a good illustration of the modern version of 
Menshov's approach: 

Lemma 2.1. Given any e > 0, S > 0, there exists a trigonometric polynomial Q 
such that 

(i) Q(0) = 0, \\Q\\oo<S- 

(ii) m{t : \Q(t) - 1| > 5} < e; 
(hi) ||5"(Q)lloo <Ce-\ 



Such a statement, with a little weaker form of (hi) can be found in ^j, lemma 
1; but we need the present form, especially for the proof of theorem [2j The proof 
below follows essentially fE], sect. 1. 

Proof. Fix a large integer K. Let / := t 27I /k, 9 '■= 1 — 7 r e/4- Approximating them 
by Fourier partial sums we get polynomials F and G satisfying 

||F^/Ili<c, WG^gWtKc, G(0) = 
where c is small. Let T be the translation by ^L. Set 

Q s := T s (F)-G [Ns] ; 



(12) 



K 



where N(l) > 2degF and N(s) grow sufficiently fast to ensure the separation of 
spectra. It follows: 

2 4 



||Q||oo = max||Q s || 00 = H^IUHGHi < 



K e 



So, if K(e, S) is sufficiently large we get (i) Obviously 



K 



E TS (/)-^)]-i 



outside a set of measure < e, so if c is sufficiently small we get |(ii)| Now denote: 

. 7 \ h It'' 

k>0 



G(t) = J2G(k)< 

k>0 

The separation of spectra implies a decomposition 

n 

:= E Q( k V kt = S i + S 2 



fe=0 



where Ei contains all polynomials of the form T S (F)G^^ with spectra belonging 
to [0, n] and the reminder S2 is a segment of a polynomial of the same form. 
According to section l2~2l we have 

llEalU < llPlli-IIGH! 

iisiiu < ||Ei TS ( F )i '11% , 



soc< y implies ||E( n '||oo < Ce 1 . The same is true for n < and we get (iii) □ 
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2.4. Analytic polynomials. An analytic polynomial is a trigonometric polyno- 
mial P with positive spectrum, i.e. 

P(t) = Y / c n e mt . 

n>0 

Sections Q] and El will contain most of the discussion about these objects. For the 
time being, we wish to remind the reader the generally known fact that analytic 
polynomials are dense in L , We formulate it in an equivalent way: 

Lemma 2.2. For every e > there exists an analytical polynomial R e such that 

||i?e-l|| <e (13) 

Proof. Let g(e lt ) be a real (smooth) function with zero average and < — 1/e for 
\t\ > e/3. Denote by G the Poisson integral of g; by G the conjugate harmonic 
function and write 

F = exp (G + id) 



Clearly, F(0) — 1 and ||-F(e lt )||o < e so taking R e to be a Taylor approximation of 
1 — F we get the result. □ 

3. Lacunary Spectra 

This section is devoted to the proof of theorems and 

3.1. The blocks B(s,a). Our starting point to these two theorems, as well as to 
the theorems of section are blocks B(s, a) C Z, defined for s, a £ N as follows: 

B>i(s,a) := {—sa,—(s—l)a,...,—a,a,2a,...,sa} 
B+(s,a) := B 1 (s,a)DZ + 

B 2 (s,a) := |J k + B+( S ,(2 S ) k+s a) (14) 

|fc|<s 

B(s,a) := B 1 (s,(2s) 2s+2 a) + (B2{s,a)U-B 2 (s,a)) 
where we understand x + B and A + B in the standard sense: 
x + A := {x + a : a £ A} 
A + B := {a + b : a £ A, b £ B} . 
The following can be checked directly from the definition: 

Proposition 3.1. For any b £ B(s,a) there exists I — 1(b), < \l\ < C(s) such 
that \b - la\ < C(s). Further, b x ^b 2 ^ 1(h) ^ l(b 2 ). 

This means that B(s,a) is a subset of a "small" perturbation of a linear pro- 
gression (if a ^> s). In particular, B(s,a) is quite sparse: for bi ^ b 2 in B(s,a) 

\bi-b 2 \ >a-2C(s) . (15) 
Another point to notice is that B(s, a) has a rather large "hole" near zero. We 
might quantify this as 

dist(B,0) > (2s) 2s+1 a . (16) 
B(s, a) is clearly symmetric with respect to zero. Actually, the component 
—B 2 (s, a) is here only to assure that. For the proof of lemma l3~2l below, it would 
have been enough to define B(s, a) as Bi(s, (2s) 2s+2 a) + B 2 (s, a) 
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3.2. Approximation with spectrum in B(s,a). 

Lemma 3.2. For every e > 0, S > and f S L° there exists an S = S(f, e, 5) with 
the following property. Given s > S and a G N one may construct a trigonometric 
polynomial P satisfying 

(i) m{t : |P-/| >(5}<e; 

(ii) specP C B(s,a); 

(iii) m{t : S**(P;t) > C7e- 1 (|/(t)| +5)} < e. 

Proof. We shall perform this approximation in three steps. 
5iep P Approximate / by a polynomial P\ satisfying 

m{i : IZ-Pi] >6 1 }<e 1 (17) 

where 

(5i := ±<5, ei := ±e . 

Step 2: Define 

62 := 6degP 1+ 3' " 2:= ^ (18) 
And use lemma l2~2l to get an analytic polynomial Q 2 satisfying 

m{< : |Q 2 -1| >6 2 }<e 2 (19) 
Step 3: Use lemma l2~Tl with 

£ 

e 3 := §e, <5 3 := — ^ ^— (20) 

6IIP1II1IIQ2II1 

to get Q3 satisfying 

Q^(0) = 0; (21) 

||Q3||«,<&; (22) 
\\S**(Q 3 )\\oo<Ce^; (23) 
m{i : |Q 3 -1| >6 3 }<e 3 . 
We have now gathered all the data we need to define S: 

S(f,e,6) :=max{degP 1 ,degQ 2 ,degQ 3 } ■ (24) 

Let us now show how we can construct P supported on B(s,a). Fix some s > S 
and any integer a. Clearly (remember that Q2 is analytic) 

spec(Q 2 )[a] C Bf(s,a) 



or 



So define 



spec {e lkt ■ (Q 2 ) [o] ) C k + B+(s, a). (25) 



P 2 := Pi( k V kt ■ (Qa)|p(*)] (26) 

|fe|<degPi 

:= a(2s) fc+s (27) 
On one hand, l(25|l and ifLl)) imply: specP 2 C P 2 (s,a). On the other hand, 

|P 2 -Pi| = |^PT(fc)e <fet (l-(Q 2 ) b()fe)] ) 
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so CHI and {El gives 

m{t : \P 2 -Pi\ > §5} < 

< J2 m {* : \K(k)(l-(Q 3 )w h)] )\ >\Px(k)\S 2 } (28) 

fc|<dogPi 

< (2degPi + l)e 2 = §e 

and thus 

m{t : |P 2 -/| > IS} < |e . (29) 

Finally, define 

P = P 3 = (Q 3 )b( S +2)]-P2 ■ 

From (12H we get that spec (Q3)[ p ( s +2)] C Bi(s,p(s + 2)), which implies (ii) First, 
an estimate of P — P 2 . Obviously 

m{ai : |P-P 2 | > i,5} <m : |1_Q 3 |>^A_| . 



The definition of P 2 , l|26j> , gives the estimate 

||P 2 ||oo < HPlllllO^lll 

so, using II20II . 

m{t : IP-Pal > ^} <m{t : \l-Q s \ > 5 3 } < |e . (30) 
Summing l|29|) and l|30|) gives 

m{t : \f-P\>6}<£ . 
To estimate S**(P) note that, using {23, {2EU and {23J, 

p(s + 2) = (2s) 2s+2 a > 2degP 2 , (31) 
so we may use ifTfljl and get 

S**(P;t) < \\S**(Q 3 )\\ 00 \P 2 (t)\ + 2\\Q 3 \\ 00 \\K\\ 1 . 
As before, estimate ||P 2 ||i directly from 12 (ill and get 

I|K||i<I|p7||i||Q 2 ||i 

which, together with {2BJ, {23 and {23 gives 

5**(P;t)<C7e- 1 |P2(i)l + ^ • 
and remembering {23, the lemma is proved. □ 

3.3. Almost Hadamarian lacunarity. The proof of theoremn]contains two com- 
ponents: showing that every set A containing B(s, a) for arbitrarily large s is a Men- 
shov spectrum and that such a set conforming to the requirements of the theorem 
can be build. Let us start with the first component. 

Lemma 3.3. 7/ A C Z satisfies B(sk,cik) C A for a sequence Sk — > oo then it is a 
Menshov spectrum. 

Proof. Let / be in LP . We shall construct by induction a sequence of polynomials 
P n satisfying 

(i) m{x : |/-ELi^l>2- 2 "}<2-; 

(ii) spec P n C A; 

(iii) P» follows P„-i; 
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(iv) ||S*(P n )|| < C2-™. 
This finishes the proof as it is clear that XL=i F„ yields a trigonometric series 
converging to / almost everywhere. 

Assume Po, . . . , P n -i has been constructed. Define 

n-i 

p n -=f-Yl Pk 

fc=i 

e n := 2-" 

Lemma 13.21 gives S — S(F n ,e n ,S n ) and we may pick some s > maxIS", degP„-i} 
and some a for which B(s,a) C A. Thus there exist P n satisfying the requirements 
of lemma, l3~2l namely 

m{t : \P n - F n \ > S n } < e n (32) 
m{t : S*(P n ;t) > Ce^flF^t)] + S n )} < e„ (33) 
specP C B(s, a) C A . 



Now, s > degP„_i implies requirement (iii) of the lemma (remember IjlfiU l. 



Requirement (i) is an immediate conseouence of l|32|l since 

n 

f-J2 P k = F n~Pn 



k=l 



requirement (iv) of the lemma is a combination of l|33JI and our induction assump- 



tion (requirement (i) I for P n -i'- 

m{x : \F n \> 2- 2n+2 } < 2-" +1 
and the lemma is proved. □ 

To finish the proof of theorem^t is enough to find a symmetric set A conforming 
to Q and containing a sequence of B(sk, au)- It can be done by a simple induction. 
We may assume that {e„} is monotone. At each step we either add to A and entire 
block B or define two (symmetric) members of A. More precisely, let 

{Mj)}\j\<m 

be already defined. 

(a) If there exists an s such that 

e(m)<^y , (34) 

where C(s) is the constant from proposition 13. II we take the maximal s satisfying 
this inequality and include all elements of the block P(s, a) as new members of A. 
a here is chosen sufficiently large to ensure (j^J for n = m and simultaneously 

a- 2C(s) ^ 1 



aC(s) 2C{s) 
which implies 10 for all 

m < n < m + h\B(s, a)\ 
due to maxB(s,a) < C(s)a and lfl5ll . 
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(b) If such an s does not exist, we just define 

\(m+ 1) > A(m)(l + e(m)) . 

Obviously, the condition ll-'Ut will be fulfilled infinitely many times, and the corre- 
sponding values of s will tend to infinity; this finishes the proof. □ 
As discussed in the introduction, this result is sharp. 

3.4. Squares. Lemma, HO allows one to get a Menshov spectrum satisfying 

A(n) = ±n 2 + 0(n) . 

To obtain such a result with arbitrarily slow growing perturbation (that is, to 
prove theorem [2J we need a more delicate approach. Essentially, we cannot use 
approximate arithmetic progressions which start from zero (as B(s, a) does) and 
the method above fails. However, translated B{s, a)'s do exist in the neighborhood 
of the squares, which, as will be shown below, is enough. 

We start with an elementary estimate of Riesz products. It is interesting to 
compare this to the corresponding estimate in sectional which requires more prob- 
abilistically oriented techniques. 

Lemma 3.4. There exists a sequence L k such that for every v — {v k } C Z satis- 
fying 

> L k 

Vk-l 

we have for almost all t e T 

n 

3" n < JJ (1 cos v k t) <c n Vn > N(v\ t) 

fc=i 

where c < 1 is an absolute constant. 

Proof. Taking log the problem turns into proving that 

n 

—nC\ < 2^ l°g(l — cos v kt) < —nC2 

k=l 

Denote 



A:— I log(l — cost) dm(i) 
Jt 

F := log(l - cost) - A 



F k ■— F [Vk] 



One can check that for {Lk} growing sufficiently fast, 



F k F k , 



< 2-( fe+fc ') Vfc ^ k'. (35) 



Thus in this case, the F k 's are almost orthogonal in a sense. We will use the classic 
"law of large numbers" for orthonormal sequences (see, for example, [J], theorem 
5.3.5): if {<y9fc} is an orthonormal system then 

n 

tfik(t) = o(n) a.e. 

k=l 
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The result is true also for our case. Indeed, ll35)l implies the estimate 



which in turn ensures, using Schur's theorem (see pp, theorem 3.2.2) that the system 
Fk can be extended to an orthogonal equinormed system on a longer interval. 
Therefore 

n 

2_. log(l — cos v^t) = nA + o(n) 

k=l 

almost everywhere. The actual value of A can be calculated using the average 
property for harmonic functions once it is noted that 1 — cosi = ||1 — e lt \ 2 and the 
result is 

A = - log 2 

which proves the lemma. □ 

We may now continue with the proof of theorem For s,a,v e N, v > 
max5(s,a), define 

B(s,a,v) = (-i/ + B(s,a))U(v + B(s,a)) . (36) 

Note that B(s,a,v) is symmetric, because B(s,a) is. 

Lemma 3.5. If A C Z satisfies that for some sequences s k —> oo, a/t, v k — v oo 

B k := B(s k ,a k ,v k ) C A 
dist (-B/c, 0) — + oo 

then it is a Menshov spectrum. 

Proof. Let / e L° be any function. As before, we shall construct by induction a se- 
ries of polynomials such that the sum Pn will converge to /. Assume Pi, ... , P n ~i 
have been constructed. Define 

n-l 

fc=i 

We write e n := n~ 2 , S n :— 4~™ and define S n = S(F n ,n~ 2 ,A~ n ) to be the constant 
defined in lemma l3~2l Find some s n > S n , a n and 

v n > v n -iL n (38) 

(L n from lemma l3~4l) such that 

dist (B(s n ,a n ,isn),0) >degP„-i 

B(s n ,a n , v n ) C A (39) 
and let P^ be the polynomial given by lemma l3~2l for the same e„, 5 n and F n , and 
for s„ and a„. Finally, we define 

P„(t) := cos v n t-P*(t) ■ (40) 

So, the above process is an inductive definition of sequences F n , s n , a n , i/ n , P„ and 
P n satisfying l(37jl . ll38|l . ll39|l . lUfi)) and so on. Let us now draw conclusions from 
these. First, 

specP„ C B(s n , a n , v n ) 

m{i : \F n (t) cos u n t-P n (t)\ > 4""} < n~ 2 (41) 
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and l(3T|l can be rephrased as 

m{x : \F n+1 {t) -F„(t)(l -cosi/„t)| > 4~"} < n~ 2 . 

So we may conclude that 

|F„+i(t) - F n (t)(l - cosv n t)\ < 4~ n Vn > Ni(t). 

Here, and in what follows, we denote by Nj(t) integer valued, measurable, almost 
everywhere defined functions. Since v n > L n v n -\, lemma EQ1 implies that for 
almost all t, 

n 

3 -n < JJ |1 - cos v k t\ < c" Vn > N 2 (t) (42) 
fc=i 

(assume that N2 > Ni). This implies a rough estimate of partial products 
_Q |1 - cos i/fci| < Vn > m > N 2 (t) 

k—m+l 

which is enough to do away with the 4~" errors: if n > m > ^(i) then 



F„+i(t) - F m (t) IJ (1 - cosz/ fe t) 



k—rn 



< Y, 4 ^ II |!-cos^| 

k—m l=k-\-l 
n 

< E 4 ~ fc ^ <4c " ( 43 ) 

And therefore (using H42H 1 

|F„(i)| < c? ci < 1 Vn > 2V 3 (t) (44) 

This shows that 

n 

so we are only left with the estimates of S*(P n ). A little consideration shows 

S*(P n] t) < S**(Pl;t) 
and condition I (iii) I of lemma I3T2I gives 

m{t : S**(P^t)>Cn 2 {\F n (t)\+4- n )} <Cn~ 2 

so due to lEHI) . 

5* (P„ ; i ) < Cn 2 ci Vn > N 4 (t ) 
and the lemma is proved. □ 

To deduce theorem consider now B = B(s, 2a, a 2 ). For sufficiently large a we 
will have, using DroDosition lH.il 

b e Bnz + ^b = k 2 + r{b), k = a + l(b) 

with 



|r(6)| < C(s) < vMfc) 
Lemma Eil implies that the set 

\jB( Sl 2a(s),a 2 (s)) 

S>1 

is a Menshov spectrum, and the result follows. □ 
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Remark. Another direct consequence of lemma 13.51 any symmetric A containing 
arbitrary long segments of integers is a Menshov spectrum; first proved, using a 
different technique, in |13| . 

3.5. Theorem |2l too is sharp, in the following sense: 
Proposition 3.6. Any sequence 

A(n) = sign (n) ■ n 2 + 0(1) 

is not a Menshov spectrum. 

The proof will follow from the next two propositions: 

Proposition 3.7. If A is a Menshov spectrum, to £ N and n £ N then 

(i) A — n is a Menshov spectrum 

(ii) (^A) n Z is a Menshov spectrum 



Proof. Start with^J Let f £ L°. Define 

g{t) = e mt f{t) 
and use the fact that A is a Menshov spectrum to write 

fceA 

Clearly, this implies that Ck — > when \k\ — > 00 and therefore we may shift the sum 
in a finite number of places: 



lim c k e lkt = lira c k e lkt = e mt ■ lim c ;+ „e 

feGA feGA ;eA-ra 

\k\<N |fe-n|<JV W<N 



ill 



and thus part (i) is completed. For part |(ii)| define 

.9 = /[m] 

and let c k be numbers such that 

E c * e<w = f(*) 

feGA 

for a.e. t. Then for a.e. t € [0, — ), 



^]p(t + r/m) - E c * e<fc ' E e<Wm = E mc fc e ^ 

r=0 fceA r fcGA 

fc=0 (to) 



which gives 



c k e lkt/m 



fcSAnmZ 



/w=^E^m= e 

TO ' \ TO / ' 

and so defining dfe = Crofc we get 

E d ^ kt = /(*) 

fce(^A)nz 

for almost every t € T. □ 
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In light of this, to prove proposition 13.61 it is enough to show that quadratic 
residues admit arbitrarily large holes in Z p . More precisely, we use the following 
well known fact: 

Proposition 3.8. For any r > 2 there exists a po such that for any prime p > pa 
there exists an integer < x < p satisfying 

' x + i s 



P 



-1 VI < i < r 



id (j^J is the Legendre symbol. 



This is a corollary of theorem 1.4.2.1 from ^T]. The author attributes this 
theorem to Davenport and A. Weil. 
Proof of nronnsition UFH Let A satisfy 

|A(n) — signn ■ n 2 \ < A . 
Use proposition 13.81 with r = 2 A to get a corresponding po; pick some p > po for 
which (^f^J =1 (quadratic reciprocity says that this is equivalent to p = 1 mod 
4) and we shall get an interval (m — A, m + A) in Z p which does not contain any 
±n 2 (modp). Thus 

A n (m + pTL) = 

and according to proposition 13.71 A is not a Menshov spectrum. □ 

4. Positive Spectra: Representation in Measure 

4.1. We have seen in the introduction that Z + is not a Menshov spectrum. How- 
ever, replacing convergence almost everywhere by convergence in measure enables 
us to get an "analytic" representation theorem. This result (theorem is proved 
below. Actually, we prove it in a stronger form, inspired by Talalyan's paper 
where the following definition was introduced: 

Definition 2. A series Y^, fj converges to / asymptotically in L P (T) if for any e > 
there exists a compact K(e) in T, with m(T\ K) < e, and Ylfj = / m L P (K). 

Clearly asymptotic convergence in LP for some p £ [1, oo] implies convergence in 
measure, while asymptotic convergence in L°° is equivalent to convergence a.e. 
We can now formulate our result. 

Theorem 4. Given f £ L°(T) one can define coefficients {ck\^° = i such that 

^ c k e lkt = f(t) 



k>0 



asymptotically in L 2 (T). 



4.2. Analytic approximation. The following lemma is the basis of this section. 
It gives an analytic approximation of 1 with the necessary control of the partial 
sums. 

Lemma 4.1. For every e > there exists an analytical polynomial 

k>0 

and a measurable set E = E e such that 
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(i) IIQIU<e; 

(ii) m(T \ E) < e; 

(iii) \Q- 1| < e on E; 

(iv) For every n, \\S n (Q)\\ L 2 {E ) < 2; 

(v) For every n, m{t : \S n (Q;t)\ > 2} < e. 

Proof. As in lemma, l2~Tl we follow essentially the construction from ^2]. Using 
lemma l2~2l fix an analytical polynomial G such that 



and an integer K 



|G-l||o < h 



k > i q|G||i 



(45) 



(46) 



Let / be the triangle function t 2 ^/k an d approximate it by a Fourier partial sum 
F such that 

||IWI|i< • (47) 

10K\\G\\x ^ ' 

As before, let T be the translation by 2ir/K, 

T(f)(t) ■.= f(t + 2nK- 1 ), 

Set 

N s := ^(2deg J F 1 + degG + 2) s (48) 

and finally, define 

K 

q ■■= 

s=l 

Q s := T s (F)-G [Ns] . 

The choice of {N s } ensures that all Q s are analytic and that their spectra follow 
one another. This implies, in particular, that 

HQIloo ^maxHQ^Hoo < max | \f*F\ ^ max | |G[a7j | |i = -^||G||i < e 



so we get requirement (i) 
Now set 



2ir(s - 1) 2n(s + 1) 



K 1 K 
Us ■= {tel s : \G [Ns] (t)-l\ <e/4} 



1< s < K 



E := T\\JU S 
lH5|) and the fact that K\N S imply that mU s < \t ■ ml s , 

mT\£;<ie . 



so 



(49) 



(50) 



To verify requirement (iii) 



set 

Q' :=J2T s (f)-G [Ns 



K 



s=l 
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For any t, for at most two values of s the value of T s (f) is non zero, and their sum 
is 1. Meanwhile, if t £ E then the factor G[ Ng ] belongs to (1 — je, 1 + |e) for both 
s's as follows from ijifljl . So 

|Q'(i)-l|<|e Vie£. 
Passing from Q' to Q, 114 711 implies 

<ll/ r ^Hi||S||i< ' 



{T s (f-F)-G [Ns 



10K 



and the equality 



gives requirement (iii) For requirements (iv) and |(v)| fix n. Because the spectra 
of the Q s follow each other there exists a j such that 



S n (Q) = ^2Q.+S n (Q j 



S<J 



The sum on the right hand side can be estimated on E exactly as before and we 
get 



< 1 + f e Vi S 



(51) 



Whereas 



l|Sn(Oi)IU» m < IIQ j II2<II^(f)|| 2 ||g [JVj] |U<||/|| 2 ||g|| 1 

< A-Va.HGIIi <e (52) 

and (considering e to be sufficiently small) we get |(iv)| l(52l also gives |(v)| because 
we have 

m{t : \S n {Qj)\ > i} <4e 2 
which, together with l(5T|l and lf5Ti)l finishes the lemma. □ 

4.3. Proof of theorem |4j We shall construct by induction analytic polynomials 
P n and sets E n such that 

(i) m(T\E n ) <2- n - 

(ii) lELi p k ~ f\ < 2" n on E n ; 

(iii) P n follows P n -V, 

(iv) for any k, ||5 , fe (P„)|| L 2 (£ ; rin£ ; ii _ l) < C2~ n . 



Having these we get the theorem. Indeed, requirement (iii) allows us to define a 
sequence {cfe}^L 1 such that 

dogP„ 

P n = £ c k e lkt . 

fe=degP„_i + l 

Requirements! (ii)|and show in a standard way that the series ^2 c k& tkt converges 



to / in L 2 (f] n=N E n ) for any TV, and combining this with requirement (i) we get 
the theorem. 

Let us now assume P\,...,P n -i have been constructed, and show how to build 
P n . Define 



(53) 



fc=i 
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First approximate F n by a trigonometric polynomial G n such that 
\G n -F n \ <2-(" +1 ) on£>„, m(T\C„) <2-(" +1 ). 

Put 

e(n) 



2-(n+i) 



(54) 
(55) 

(56) 



l|G„||i + l 

and using lemma l4~Tl for e(n) we get Q = Qe(n)- Set 
where 

r„ := dog P„_ x + 2 deg G„ + 1 . 

This choice of r n will ensure that P n are analytic, and that (iii) is fulfilled. Define 
E n to be 

E n :=(E <n) ) [rn] nD n (57) 
where E e / n \ comes from lemma l4~Tl and £7r r i is defined by the equality (1e)\ t ] = 



Clearly, m (-E[ r j) = mE. So, condition (ii) of lemma 14.11 together with 



llKljl gives requirement [(i)] Condition (iii) of lemma, l4~TI savs that for t e E n , 

\Q[r„}{t) ~ 1| < so 

GU < 2- (n+1) 



on£„ 



(58) 



and summing l(53jl, 1(54^1 and l(58ll we end up with requirement (ii) fulfilled. 
Requirement (iv) Now we use ijlflj) for the polynomial lf56ll : 



sup \\S k (P n )\\ L 2( EnnEn 

k 



< 



< 



< 



\G„\ 

\Gn\ 



m fe ax||S fe (Q [r . n] )|| i3(J5 „ ) + ||Q|| 00 -||G|| ] 



i»(E„n£„-i) ' 
L°°(D n nE n -!) • max||S fe (Q)|| L 2 (jB 



,)+ 2 " 



(here 1(57]! , l|55)l and condition (i) of lemma 14.11 were used) . The product on the 
right hand side is 



<2{||FJ 



L°°{E n 



2- n ) 



due to condition 



(iv) of lemma 14.11 and llo4ll . Finally, we use for F n assumption 



(ii) of the induction (in the n — l'th step) and get condition (iv) This finishes the 
proof of the theorem. □ 
Remarks 

1. In the theorem above one can replace asymptotic convergence in L 2 (T) by 
the same convergence in L P (T) (p < oo). The appropriate version of lemma 
14.11 can be proved identically, using the classical result the HS^-fOHj, < 
Cp||F|| p , 1 < p < oo, and the proof of the theorem remains unchanged. 

2. In Menshov type representation, it is often of interest to control the speed 
of decrease of the the amplitudes {|cfe|}, see e.g. [13]. The same is true for 
the radial representation theorem, see [jj]. We wish to pursue this direction 
with theoremQ] Certainly the condition {ck} G I2 cannot be achieved here. 
But one can get quite close, in a sense. Namely, either of the following 
conditions can be added to the formulation of theorem Q] 

(a) {c k } el p Vp > 2 

(b) \ c k\ 2 w(k) < 00 for any pre-given positive weight w(k) \ 0. 
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The proof requires minor modifications. For example, let us illustrate them 
for condition (a). The block structure of the "special products" of section 
E2 F ■ G[ r ] for r > 2 degF, implies that 

\\F^ r] \\ p = \\F\\ p -\\G\\ p (59) 
Using that, a direct inspection of the proof of theorem 0] shows that it is 



enough, given p > 2 to replace condition (i) in lemma l4~Tl with the stronger 

m\\Q\\ P <t. 



This, in turn, comes from the following estimate for the triangle function 

11^115 = 0(^-1) . 

Which gives 

\\Q S \\ P = \\T^F)\\ P ■ HG^Hp < ||7^|| P • ||G||p = O (iT?) ■ C(e) 
and the separation of spectra gives 



K 



l=Y,WQs\\l=0{K-P)-C{e) 



and replacing 14fill with a suitable sufficiently small K, we get (i 



4.4. Representation of infinity. In Menshov proved that for convergence in 
measure one can extend the class of "representable functions" to include ones taking 
infinite values. It is natural to formulate this result for real functions. Let / be a 
measurable function from T into RU {±oo}. Menshov's result says that any such 
/ can be expanded to a real trigonometric series: 

/(*) = Yj d(k)e lkt d(-fe) = tp) (60) 

feez 

converging in measure. Theorem admits also functions as above, and thus gives a 
direct improvement of Menshov's result. More precisely the following proposition 
is true: 

Theorem [3] . Any f as above can be represented by 

f(t)=J2c(k)e ikt (61) 

fc>0 

where the series converges in measure. 

Convergence here means that the real and imaginary parts of the series converge 
respectively to / and in measure. 

We first mention that having l(6T|l one immediately gets the "real" expansion ijfflljl 
by taking d(k) to be |c(fc) for k > and \c(k) for k < 0. To get l(6TJl we denote 
by A, B + , B~ the sets where / takes finite, +oo and — oo values, respectively, and 
define 

/ onA 
f n := { n o\\B+ . 
—n onB~ 



Now, keeping conditions (i) and (iii) in 14.31 unchanged, we replace / by f n in (ii) 



(and in Q53f) and replace condition (iv) by these two: 



Kjvj m ax fc \\S k {P n )\\ L 2( EnnEn inA) < C2" 
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|(iv)|) max fc ||S , fc (F n )|| L 2 (£ ; iinEn _ in(s+ui 5- )) <C 
Repeating the arguments in 14 .81 literally one constructs polynomials {P n } satisfying 
the modified conditions. It is easy to see that these conditions imply that the series 
llfi"Tj) yielded by J2k>o ^ k converges to / in measure. 

5. Positive sparse spectra 

5.1. The aim of this section is to improve the results of the previous one, showing 
that only relatively "small" parts of Z + are needed. For brevity, we shall discuss 
only convergence in measure, rather than asymptotic L p , and only finite functions. 

Definition 3. A set A of integers is a Menshov spectrum in measure if every 
/ € L°(T) admits a representation 

f(t) = V c k eS kx ee Jim V c k e lkx 
fceA fceA,|fe|<Ar 

converging in measure. 

We shall prove the following analogues of the results of section 

Theorem 5. Given a positive sequence e(n) — o(l) as n — ► oo, one can define a 
Menshov spectrum in measure A C Z + such that 

A(n + 1) 



A(n) 



>l + e(n) n=l,2,... (62) 



Theorem 6. If a set A C Z + contains arbitrarily long segments then it is a Men- 
shov spectrum in measure. 

Theorem 7. For any sequence w(k) — > oo as k — > oo one can construct a Menshov 
spectrum in measure A, 

A = {k 2 + o(w(k))} . 

5.2. The blocks D(s,a). The equivalent of the blocks B(s,a) from the proof of 
theorem will be denoted by D(s,a) and defined simply by 

D(s,a) := B+(s,(2s) 2s+2 a) + B 2 (s,a) 

where and Bi are from the definition of B{s, a). Of course, D(s, a) C Z + . The 
substitute for lemma, EOl is the following: 

Lemma 5.1. For every e > and f € L there exists an S — S(f,e) with the 
following property. Given s > S and a <E N one may construct a trigonometric 
polynomial P satisfying 

(i) ||/-P|| < e; 

(ii) specP C D(s,a); 

(iii) For any n, m{t : \S n (P; t)\ > 2\f(t)\ + e} < e. 

Proof. The proof of this lemma is similar to that of lemma 13.21 replacing the use 
of lemma, 12. II with lemma l4~Tl so we will describe it briefly. 
First, approximate / by a polynomial Pi satisfying 

||/-i\||<ei:=|e (63) 

then use lemma l2~2l to get an analytic polynomial Q2 satisfying 

||Q 2 -l||o<e 2 := ^ ■ (64) 

6nu«{||P 1 || 1 ,degP 1 }+3 
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Now use lemma UTTl with 



e 3 := — ^ ^ (65) 

6||i\||i||Q a ||i+3 



to get an analytic Q 3 satisfying 

HQalloo <es; (66) 
m{t : \S n (Q 3 ;t)\ > 2} < e 3 Vn; (67) 

||g 3 ||o<e 3 ■ 

Set 

S(f,e) :=max{degPi,degQ 2 ,degQ 3 } . 
Fix some s > S and any integer a. Defining, as in l|26|) 

P 2 := £ Pi( k V kt ■ (Qa)b(fc)] (68) 

|fe|<dcgPi 

p(k) := a(2s) k+s 

we will have specP 2 C P 2 (s, a). 

The same estimate as in l|28j) gives 



||P 2 -/||o<|e ■ (69) 

Finally, define 

P = P 3 = (Q 3 ) [p(fl+2 )]P 2 ■ 

The fact that Q 3 is analytic gives that spec (Qa)\p( a +2)] C B^(s,p(s + 2)), which 
implies (ii) As in lemma, I3T2I we have 

™{x--\r-r>\>M<™{t--\i-Qs\> w ^} , 

Halloo < < ||Pi||i||Ql||i (70) 



so 

m{< : |P-P 2 | > H < m{i : |1-Q 3 | > £3} < §e . (71) 

Summing l|69|l and Ij71ll gives |(i)| To estimate 5„(P) use to write, as in section 
l2~2l ra = r • p(s + 2) + I and get 

S n (P;t) < \Sr(Q 3 ;p(s + 2)t)\ ■ |P 2 (i)| + 2110^11^11^11! 
as before, estimate HP2II1 by l|70ll . Now l|67ll and Il65|l give 

S n {P;t)<2\P 2 {t)\ + \e . 
outside a set of measure e 3 < |e, and remembering lj69l) . the lemma is proved. □ 
Lemma, 15 . II proves theorem in much the same way as for theorem ^ 
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5.3. "Analytic" Riesz products. Passing to the proofs of theorems El and [3 we 
make the following remark. In the "squares" theorem of section given a trigono- 
metric polynomial, we used multiplication with a Riesz product to localize the 
spectrum in a corresponding block of high frequencies and the estimate 1142(1 pro- 
vided the necessary control of partial sums. In turn, that estimate came essentially 
from the inequality 

/ log(l — cost) dm < . 
Jt 

Now only the positive part of the spectrum is available, so Riesz products should 
be replaced by its "analytic" counterpart 

Qn(t):= n(l-e i!/(fc)t ) ■ (72) 

k<n 

However, 

/ log|l-e lt | =0 

JT 

and the sequence {|<?n|} indeed does not tend to zero. But it repeatedly returns 
close to zero for almost every t. Fortunately, this weaker property is enough to 
manage the localization of spectrum with a simultaneous control of the partial 
sums, corresponding to convergence in measure. 

Lemma 5.2. There exists numbers L k such that for every {vk\ C Z satisfying 

— >L k (73) 
ffc-i 

one has 

N 

lim inf TT 1 1 e iVkt \ = a.e. (74) 

fe=l 

Proof. This is equivalent to the following quality 

N 

liminf V log |1 - e lWk *| = -oo a.e. (75) 

TV— >oc — ' 

k=\ 

This is a direct consequence of a well known principle that sparse subsequences of 
a system {ip(ut)} inherit properties of independent variables, and in our case, that 
the sum 

JV 
k=l 

behaves like a random walk for a sufficiently fast growing u k ■ We use the following 
version of this fact, which can be found (in a more general form) in the paper of 
Gaposhkin [Jj (corollary 1): if J T cpdm — 0, ||( y a|| i 2( T ) = 1 and 

5> I>(^)=°(1> (76) 

where 0J2 is the module of continuity of ip in the space L 2 , then for every set ficT, 
mE > 0, 



m < t e E 



1 N 1 1 f y 

^ 1 v{nt)<v }^ mE -wJ-j"' ,it - N ^°° (77) 
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Taking <p to be log 1 1 — e lt \ (after a suitable normalization) one can see that for 
Lk growing sufficiently fast, implies l(7fijl . If f75|l fails on a set E of positive 
measure we get an immediate contradiction to \7Tl e.g. for y — 0. □ 

Remark. As before, we shall need a rough estimate from below, 

n 

(!)"< ni 1 -^"*! Vn>K x {t) (78) 
fc=i 

where, as in the proof of theorem here and below Kj(t) are measurable functions 
T — > N defined almost everywhere. This estimate can be achieved exactly as in 
lemma, 13.41 

5.4. The main lemma. In this section, we shall combine I|74J1 with stopping time 
techniques, to prove an analogue of lemma 13. 31 lemma l5~4l below. Let us start with 
a definition: 

Definition 4. For s, a, v € Z + we define 

D(s, a, v) = v + -D(s, a) 

and call a set A a "D-set" if one has a sequence D(sk, CLhi^k) C A with and v% 
tending to oo. 

Lemma 5.3. Let A C Z + be a D-set; f € L°(T) 6e any function vanishing outside 
of an interval I; and e > be some number. Then there exists a polynomial P with 
the following properties: 

(i) ||P-/|| <e; 

(ii) spec FcA; 

(iii) For any n £ Z + , 

m{til : \S n (P;t)\> e} <e 

Proof. 1. We shall construct inductively a sequence of polynomials Pk using the 
following procedure: 

fc-i 

T k ■= /-]Tp ( 7Q ) 

1=0 

:= fr fc (t) m)\>ievi<k.ndtei 

w [0 otherwise v ' 

We now use lemma, l5~Tl for the function Rk and the parameter e2~ fc ~ 2 . This gives 
us some number S — S(Rk,t2~ k ~ 2 )- let Lk be numbers from lemma l5~2l and choose 
cik, Vk and Sk to satisfy 

D{s k ,a k ,vk) C A (81) 
z/fc > L k vk-i (82) 
s fc > S . (83) 
Returning to lemma l5~Tl jSBt allows us to define a polynomial P^ satisfying: 

specP^ C D{s k ,a k ) (84) 
HPfe-P^llo < e2- fe - 2 (85) 

and for any n, 



in 



{t : |S„(ifct)| > 2|P fe (t)| +e2- fc - 2 } < e2- fc - 2 (86) 
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Finally, we define 



P k := e lUkt ■ Pi 



(87) 

So, the above process is an inductive definition of sequences Tk, R k , s k , a k , Vk, P k 
and P k satisfying l[79)) -<l87T). 
2. First we claim 

||T fc || <e Vfc>A'(e) 
To see this, collect l|80|l . I|85ll and 118 711 and get the following for T k : 

T k {t){\ - e^ 1 ) + r k {t) \Ti(t)\ > \e VZ < k and t e I 



T k+l {t) = 
with 

In particular, 
Denoting 



T k (t)+r k (t) otherwise 
||r fc || <e2- fc - 2 
\r k (t)\<2- k - 2 Vk>K 2 (t) a.e. 



(89) 

(90) 
(91) 



fc=l 



we have |(ZEJ and C3J (remember i.e. 



|«„|>(|)" Vn>if 1 (t); 


(92) 


liminf — a - e - 

n — t-oo 


(93) 


Set: 




K := {t S / : \T k {t) >\e Vfc G N} 


(94) 


i.e. the set where T fc never "stabilizes". Using JHHJ), (EH and (loUll 


we have for almost 



every t £ V e and k > k\ > ma,x{Ki(t), K2(t)}, 



r w (f)-T tl (t)JI(l-e^) 



< ^ 2 ~'~ 2 n \ i ~ eiujt 

l=ki j=' + l 

^2- i - 2 (|) Z .|^)| 



< 



Kk 



T k+1 (t)-^t)q k (t) 



< C\q k (t)\ 



?fei-i0) 

contrasting this with ll92|l and 1(94*)) we conclude 

mv; = . 

Now, (|95l) gives that for some Ka(t), 

T k+1 (t)=T k (t)+r k (t) Vk>K 3 (t) 

and 

l^ 4 (t)|<|e 
Choosing K(e) sufficiently large to have 

m{£ : Ki(t) > K(e)} < |e 

and using J2DI, we get l|88jl . 



(95) 
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3. Let 

fe=0 



ijHHt and give[(i)1 {BH, and {H3 give G^3 To see K in )l note that 

S n {Pk) -- 



e 1 ^ ■ S n - Uh {P' k ) Vn>v k 
otherwise, 



llSfi)) means that 

m{t : \S n (P k ;t)\>2\R k (t)\+e2~ k ~ 2 } <e2- k ~ 2 . (96) 



Since t £ I =p- Rk(t) = 0, summing up the last inequality over A: we get (iii) □ 
Lemma 5.4. j4n?/ D-set is a Menshov spectrum in measure. 

Proof. Let A C Z + be a £>-set. Let / € L°(T) be any function. Take a sequence of 
intervals {I k } with 

|/k|-0 

which cover each point of the circle infinitely many times. We shall construct 
inductively a sequence of polynomials P k using the following procedure. Define 

/ fc-i \ 



Rk-.= ii k - /-E p ' 



\ i=o J 

and use lemma with the data 

A k := An [degP fe _i,oo) 

(which is clearly a D-set), R k , I k and e = 2~ fe . We get a polynomial P k which 
satisfies: 

spec P k c A fc c A 
\\P k -R k \\ < 2- k (97) 

and for any n G N, 

m{t<£ I k : \S n (P k ;t)\ > 2- k ) < 2- k . (98) 

The sum of the Pfc's, written as a trigonometric series will prove the lemma. As 
it is clearly supported on A, we need only show that it converges to / in measure. 
One can easily see that l(97jl and the fact that the I k 's cover T infinitely many times 
implies that 

oo 

J2Pk(t)=f(t) a.e. 

fc=0 

As the Pfc's follow each other, we write 

dcgP fc 

Pk = £ °^ mt 

n=deg Pk - i + 1 

and use i!98|) . written as 

max||S„(Pfc)||o <2- fc + |/ fc | ^0 k -> oo 

n 

to get that X!neA CnCmi = m measure. □ 
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5.5. Theorem El follows from this lemma immediately while theorem [3 is derived 
in much the same way that theorem follows from lemma 

Finally, we mention that theorems and [3 are sharp in the same sense that 
theorems and [3 respectively are. Theorem|3is sharp for exactly the same reasons 
as theorem m and since proposition 13.71 clearly holds (with an identical proof) for 
Menshov spectra in measure, we may conclude the sharpness of theorem using 
proposition |^| 
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